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Exceptional points (EPs) with a global collapse of pairs of eigenfunctions are shown to arise in two
locally-coupled and spatially-extended optical structures with balanced gain and loss. Global collapse at the EP
deeply changes light propagation, which becomes very sensitive to small changes of initial conditions or system
parameters, similarly to what happens in models of classical or quantum catastrophes. The implications of
global collapse for light behavior are illustrated by considering discrete beam diffraction and Bloch oscillation
catastrophe in coupled waveguide lattices. c© 2018 Optical Society of America
OCIS codes: 130.2790, 130.3120, 000.160)
Parity-time (PT ) and non-Hermitian photonics are
rapidly emerging research areas with a wealth of po-
tential applications [1–3]. The ability of creating and
superposing non-Hermitian eigenstates through optical
gain and loss in engineered photonic media has sug-
gested new ways to propagate, control and confine light.
Many of such new routes can be traced to the ex-
istence of non-Hermitian degeneracies, also known as
exceptional points (EPs) [4–6], and spectral singulari-
ties [7–10], which are peculiar to non-Hermitian classi-
cal and open quantum systems [11]. EPs are singular
points in parameter space of a non-Hermitian Hamil-
tonian where two (or more) eigenvalues and their cor-
responding eigenstates coalesce under a system param-
eter variation. EPs have found a wide variety of ap-
plications in photonics, including unidirectional trans-
parency [8,12–14], laser mode control [15–19], light struc-
turing [20], laser-absorber devices [9, 21], optical sens-
ing [22–24], asymmetric mode switching [25], and light
stopping [26]. Other interesting behaviors observed near
EPs are the jamming anomaly [27], i.e. the drop of the
transport through the gain-loss interface as the gain-loss
parameter is increased, and anomalous power law scaling
[28]. The simplest optical system showing an EP is the
PT -symmetric dimer [3, 29], i.e. a two-level system de-
scribing mode coupling in two waveguides or resonators,
one with gain and the other one with balanced loss. In
spatially-extended systems, EPs appear usually as iso-
lated points in the spectrum of a non-Hermitian Hamil-
tonian. However, recent works have shown that photonic
crystals can support rings or contours of EPs in the band
spectrum under appropriate symmetries [30,31]. Such an
eigenfunctions collapse yields significant control over the
band structure design and can result in new behaviors,
such as the PT superprism effect and all-angle supercol-
limation [31].
In this Letter we suggest a rather general route to-
ward the realization of EPs with a global collapse of
eigenfunction pairs, based on generalized PT -symmetric
dimer. We consider two identical spatially-extended op-
tical structures S1 and S2, each of one being described
by the same Hermitian Hamiltonian Hˆ0 which depends
on space x and, in the most general case, even on time
t. In the time-independent case, we indicate by E0 the
energy spectrum of each system. The idea of general-
ized PT -symmetric dimer is realized by introducing a
spatially-homogeneous Hermitian coupling σ and bal-
anced spatially-uniform gain and loss γ in the two struc-
tures [Fig.1(a)]. If the gain/loss strength γ is smaller
than the coupling σ, the energy spectrum of the cou-
pled structures remains real and splits into the doublet
E± = E0 ±
√
σ2 − γ2. As γ approaches σ, the doublet
coalesces, corresponding to a global collapse of pairs of
eigenfunctions. Note that, while in previous works [30,31]
collapse of pairs of eigenfunctions is partial, in our case
the collapse can be, at least in principle, complete. A
main requirement for the collapse to be complete is
that all modes of the structures are coupled with the
same strength σ. Non-Hermitian eigenfunction collapse
deeply changes light propagation in the system, for ex-
ample how light diffracts or localizes in the coupled
structures. Like in the theory of classical or quantum
catastrophe [32–34], light behavior becomes extremely
sensitive to small changes of initial conditions or system
parameters: in other words, a photonic catastrophe is
realized near EP operation. The implications of the pho-
tonic catastrophe are illustrated by considering discrete
beam diffraction and catastrophic Bloch oscillations in
waveguide lattices.
Let us consider two identical optical structures S1
and S2, such as coupled-resonator optical waveguides
(CROWs) or coupled waveguide/slab structures, in
which light dynamics, either in time t or in space z = t , is
described by the same Hermitian Hamiltonian Hˆ0(x, t),
where x denotes a set of spatial or site coordinates.
For the sake of definiteness, we will refer to the case
where t = z describes the spatial propagation coordinate
of the optical structure and light waves are monochro-
matic. Rather generally, we assume that the Hamilto-
nian Hˆ0(x, t) can vary along the propagation distance t.
For a t-invariant Hamiltonian, the energy spectrum (i.e.
propagation constant of modes) of Hˆ0 is indicated by E0.
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Fig. 1. (Color online) (a) Schematic of a generalized PT -
symmetric dimer. Two identical optical structures S1 and S2
are spatially coupled and provided with homogeneous opti-
cal loss (S1) and balanced gain (S2). (b-d) Possible realiza-
tions of a generalized PT -symmetric dimer: (b) side-coupled
CROWs, (c) coupled waveguide lattices, and (d) coupled slab
waveguides. (e) The energy spectrum (propagation constant
of bound and scattered modes) of each isolated optical struc-
ture is E0. Once spatially coupled and with balanced optical
gain and loss, the energy spectrum splits into the doublet E±,
separated by
√
σ2 − γ2. As the loss/gain rate γ approaches
the coupling σ, the doublet coalesces and each point of the
spectrum becomes a second-order EP.
We then provide some spatially-homogeneous loss −γ to
the optical structure S1 and some balanced spatially-
homogeneous gain γ to the other structure S2 [Fig.1(a)].
Moreover, we assume that the two systems can be homo-
geneously and locally coupled, for example via evanes-
cent wave coupling in a side geometry. Examples of opti-
cal structures with spatially-homogeneous and local cou-
pling are shown in Figs.1(b-d), corresponding to side-
coupled CROWs [Fig.1(b)], waveguide lattices [Fig.1(c)]
and slab waveguides [Fig.1(d)]. In Figs.1(b) and (c) each
waveguide/resonator is assumed single-mode, the spatial
coordinate x is discrete and spans over the various sites
of the chain, whereas in Fig.1(d) x is the transverse co-
ordinate of the slab. Note that translational invariance
along x is not required and the optical potential (effec-
tive refractive index) can be a rather arbitrary function
of x. Indicating by ψ1(x, t) and ψ2(x, t) the light waves
in the two structures, light propagation in the coupled
system is described by the spinor wave equations
i
∂ψ1
∂t
= Hˆ0(x, t)ψ1 − iγψ1 + σψ2 (1)
i
∂ψ2
∂t
= Hˆ0(x, t)ψ2 + iγψ2 + σψ1 (2)
where σ is the coupling constant. The explicit form of the
Hamiltonian Hˆ0 depends on the specific optical struc-
tures. For CROWs or waveguide lattices [Figs. 1(b,c)],
it is a discretized operator while for slab waveguides
[Fig.1(d)] is it a Schro¨dinger-like operator, with a poten-
tial which is defined by the geometry (local thickness) of
the slab [35]. We note that, while we are considering here
a PT -symmetric configuration with balanced gain and
loss, one could also consider a purely dissipative system
in so-called passive PT symmetry [36], which might be
more accessible in experiments [36–38]. For a given ini-
tial condition ψ1(x, 0) = f1(x), ψ2(x, 0) = f2(x), it can
be shown that the solution to Eqs.(1) and (2) is given
by (
ψ1(x, t)
ψ2(x, t)
)
= U(t)
(
φ1(x, t)
φ2(x, t)
)
(3)
where φ1,2(x, t) describe light evolution in the two de-
coupled structures with σ = γ = 0, i.e. i∂tφ1,2 = Hˆ0φ1,2
with φ1,2(x, 0) = f1,2(x), and the 2 × 2 fundamental
matrix U(t) is the solution of the linear system charac-
teristic of the PT -symmetric dimer
i
dU
dt
=
( −iγ σ
σ iγ
)
U . (4)
with U(0) = I (identity matrix). Note that the above so-
lution holds even if the gain/loss γ and coupling σ vary
with t. Equations (3) and (4) show that the dynamical
behavior of the coupled system is entirely captured by
the two-level PT -symmetric dimer model [3,29], regard-
less of the complexity of the optical potential and spec-
trum E0 of Hˆ0. This means that all features of EPs known
for the two-level PT -symmetric dimer, such as unstable
linear growth of optical power, topological state-flip and
chirality when encircling the EP by static or dynamic
parameter variation, etc., should arise for the general-
ized PT -symmetric dimer model. Let us focus our at-
tention to a stationary Hamiltonian Hˆ0. Using Eqs.(3)
and (4), the energy spectrum and corresponding eigen-
states of the coupled optical system can be readily re-
trieved from the ones of Hˆ0. If ϕ0(x) is an eigenvector
of Hˆ0 with energy E0, Hˆ0ϕ0 = E0ϕ0, it readily fol-
lows that (σ, iγ ±
√
σ2 − γ2)Tϕ0(x) are eigenstates of
the coupled system with energies E0 ±
√
σ2 − γ2. This
means that the energy spectrum of the coupled system is
composed by the doublet E0±
√
σ2 − γ2, which remains
real for γ < σ [Fig.1(e)]. As the gain/loss rate γ ap-
proaches the coupling σ, the doublet and corresponding
eigenstates coalesce, thus realizing a complete collapse
of pairs of eigenfunctions. Such an eigenfunction collapse
can deeply change light propagation in the system, for
example how light diffracts or localizes in the coupled
structures. Like in the theory of classical or quantum
catastrophe [32–34], light behavior becomes extremely
sensitive to small changes of initial conditions or system
parameters near the PT -symmetric breaking (EP) tran-
sition. In particular, below the symmetry breaking tran-
sition coupling of the two systems does not appreciably
modify light dynamics as compared to the uncoupled sys-
tems: in fact, at the stroboscopic propagation distances
t = 0, tS , 2tS , 3tS , ..., with tS = 2pi/
√
σ2 − γ2, one has
ψ1,2(x, t) = φ1,2(x, t), as if the two systems were effec-
tively decoupled. However, as the EP point is approached
the stroboscopic distance tS diverges, light dynamics in
the coupled systems is intertwined and a qualitative dif-
2
ferent behavior is found. In fact, for γ = σ, the solution
to Eqs.(1) and (2) reads
ψ1(x, t) = φ1(x, t)− σt[φ1(x, t) + iφ2(x, t)] (5)
ψ2(x, t) = φ2(x, t)− iσt[φ1(x, t) + iφ2(x, t)]. (6)
indicating that the asymptotic light evolution is domi-
nated by the interference of states φ1(x, t) and φ2(x, t).
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Fig. 2. (Color online) (a) Discrete diffraction patterns in
the coupled waveguide arrays of Fig.1(c) for γ = 0 and
σ = κ. The panels in the figure show the behavior of nor-
malized intensities |an|2/∑n(|an|2+|bn|2) (upper panel) and
|bn|2/∑n(|an|2 + |bn|2) (lower panel) on a pseudo color map
versus normalized propagation distance κt for Gaussian beam
excitation f(n) = exp(−n2/w20) with w0 = 5, as explained in
the main text. Rabi flopping between upper and lower arrays,
with conserved total optical power, is clearly observed. In (b)
the discrete diffraction patterns, corresponding to a slightly
different initial condition (a pi/10 phase shift is impressed at
site n = 0 of the lower waveguide lattice), is depicted. Panel
(c) shows the evolution of the beam width w = w(t) in the
two cases.
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Fig. 3. (Color online) Same as Fig.2, but for γ = σ = κ (EP
condition). Here total optical power is not conserved.
Near the EP, light behavior is expected to undergo
a deep qualitative change under small variation of sys-
tem parameters and/or initial excitation conditions, thus
realizing a kind of ′photonic catastrophe′. Catastrophe
theory arises in several areas of classical and quantum
physics (see, e.g. [32, 33]); it studies phenomena charac-
terized by sudden and dramatic shifts in behavior arising
from small changes in parameters or initial conditions.
Typical examples include change of long-run stable equi-
librium states in bifurcation theory [33] and orthogonal
catastrophe in many particle quantum systems [32]. The
interplay between EP and catastrophe theory was earlier
suggested in [34]. Also, a qualitative change of transport
behavior near EP, referred to as jamming anomaly, was
predicted in [28]. Here we illustrate the onset of photonic
catastrophe for diffraction and localization of discretized
light beams in waveguide lattices [39–41]. Light propaga-
tion in the coupled waveguide lattices shown in Fig.1(c)
is described by coupled-mode equations [39–41]
i
dan
dt
= κ(an+1 + an−1) + σbn − iγan − Fnan (7)
i
dbn
dt
= κ(bn+1 + bn−1) + σan + iγbn − Fnbn (8)
where an(t) ≡ ψ1(x = n, t) and bn(t) ≡ ψ2(x = n, t)
are the mode amplitudes in the upper (lossy) and lower
(gain) waveguide lattices, κ is the coupling constant be-
tween adjacent waveguides in each lattice, and F is a
gradient force. Coupled PT dimeric models described by
Eqs.(7) and (8) in the limiting case F = 0 were earlier
studied in [42, 43]. The first example of photonic catas-
trophe is provided by a giant change of discrete diffrac-
tion arising from a small change of initial condition in
the homogeneous lattices. For F = 0, the coupled ar-
rays sustain two shifted bands with the dispersion rela-
tions E± = E0(q) ±
√
σ2 − γ2, where E0(q) = 2κ cos(q)
in the lattice band of the single array and q the Blosh
wave number. Clearly, a global colescence of the two
bands arises at σ = γ. Let us assume that the two
waveguide lattices are initially excited by two broad op-
tical beams with the same amplitude profile f(n) but
with a pi/2 phase shift, i.e. an(0) ≡ f1(n) = f(n) and
bn(0) ≡ f2(n) = if(n), where x = n is the lattice
site. This excitation can be realized, for example, by il-
luminating the array at the entrance plane by a titled
Gaussian beam. In the coupled structure and far from
the EP (for example in the Hermitian limit γ = 0), a
small deviation of beam excitation in the two lattices,
measured by the difference δf(n) ≡ f1(n) + if2(n), just
yields a small change of the discretized light diffrac-
tion pattern as compared to the δf(n) = 0 case. This
is shown, as example, in Fig.2, where the two waveg-
uide arrays are excited by a broad Gaussian beam at
normal incidence f(n) = exp(−n2/w20) and the small
change δf(n) = [1 − exp(iθ)]δn,0 is realized by impress-
ing a small phase slip θ = pi/10 at the n = 0 lattice site.
Clearly, the small change of initial conditions does not
appreciably change the discrete diffraction patterns in
the two arrays, which show in both cases a rapid Rabi-
like flopping superimposed to a slow beam diffraction.
In particular, the evolution of beam width w(t), defined
as w2(t) =
∑
n n
2(|an|2 + |bn|2)/
∑
n(|an|2 + |bn|2) and
shown in Fig.2(c), is slightly modified by the pertur-
bation of initial excitation condition. However, at the
EP (γ = σ) the same small change of initial condition
yields a huge change in the discrete diffraction patterns,
as shown in Fig.3. The reason thereof is that, while for
exact excitation f2(x) = if1(x) the unstable growing
mode in Eqs.(5) and (6) vanishes because of exact de-
structive interference, a small deviation of the excitation
condition yields imperfect destructive interference and
3
the unstable mode will dominate the dynamics. For the
small change δf(n) = [1 − exp(iθ)]δn,0 of initial condi-
tion, the discrete diffraction pattern of dominant unsta-
ble mode is the impulse response of the array at site
n = 0, resulting in an enhanced discrete diffraction, i.e.
in a ′superdiffraction′; see Fig.3(c) right panel. The ex-
ample shows that an extremely small change of initial
condition (for example of the phase in one lattice site)
can be exploited to engineer discrete diffraction. Other
kinds of initial condition perturbations, for example a
small change of the phases of two adjacent sites, could
produce other behaviors, such as giant beam refraction.
Also, considering more than two coupled arrays, one
could in principle realize global eigenfunction collapse in
the spectral domain corresponding to a higher-order EP,
e.g. third-order EP for three arrays. In this case the al-
gebraic unstable growth at the EP [27] could make light
diffraction or refraction even more sensitive to a small
change of initial conditions.
As a second example, let us consider Bloch oscillations
(BOs) in the coupled waveguide lattices of Fig.1(c) in-
duced by an index gradient F , which can be realized by
circularly-bending the optical axis [39–41]. In this case,
the Hamiltonian Hˆ0 of the single array has a purely point
spectrum, namely a Wannier-Stark (WS) ladder spec-
trum with energy levels equally-spaced by F . This yields
periodic self-reconstruction of the beam after a propaga-
tion distance tB = 2pi/F , i.e. so-called optical BOs. For
the coupled array with γ = 0, a doublet of WS ladders
is obtained, which are spectrally shifted relative to each
other by the coupling constant σ. As a result, like in
other two-band waveguide lattices the BO dynamics is
rather generally quasi-periodic [44], but if the ratio σ/F
is rational perfect reconstruction of the beam is still ob-
served. In particular, if σ is an integer multiple than F ,
the two WS ladders coalesce. This Hermitian degener-
acy does not obviously spoil the periodic BO motion,
which occurs at the period tB = 2pi/F . This is shown,
as example, in Fig.4(a), where BO dynamics in the cou-
pled arrays for initial single-site excitation is depicted
for σ/F = 1. For a non-vanishing gain/loss γ below the
PT symmetry breaking point, the spacing between the
two WS ladders is reduced to
√
σ2 − γ2, and a similar
scenario (periodic or quasi-periodic dynamics) is found
like in the Hermitian case. However, as the EP γ → σ−
is reached, the two WS ladders coalesce in both energy
and eigenstates, which implies the disappearance of any
periodic/ quasi-periodic dynamics for generic initial ex-
citation of the arrays. Such a ′BO catastrophe′, induced
by non-Hermitian collapse of WS ladders, is illustrated
in Figs.4(b) and (c).
In conclusion, EPs with a global collapse of pairs of
eigenfunctions arise when two spatially-extended optical
structures with balanced gain and loss are locally cou-
pled. Like in the theory of catastrophes, close to EP light
propagation becomes very sensitive to small changes of
initial conditions or system parameters. This behavior
might be of interest for applications in optical control
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Fig. 4. (Color online) BO dynamics in coupled waveg-
uide lattices for κ = σ = F = 1 and for (a) γ = 0, and
(b) γ = σ. Panels (a) and (b) depict the evolution, along
the normalized propagation distance κt, of the normalized
intensity distributions |an|2/∑n(|an|2 + |bn|2) (upper pan-
els) and |bn|2/∑n(|an|2 + |bn|2) (lower panels) in the two
waveguide arrays for single-site excitation of the upper ar-
ray an(0) = δn,0, bn(0) = 0. Panel (c) shows the detailed
behavior of the normalized intensity distribution at initially-
excited lattice site in the two cases. In (a) there is a Hermitian
collapse of the two WS ladders, which leads to periodic BO
dynamics with spatial period tB = 2pi/F . In (b) there is a
non-Hermitian collapse of the WS ladders, which spoils BOs.
and optical sensing. The implications of non-Hermitian
eigenfunction collapse have been illustrated by consider-
ing discrete beam diffraction and Bloch oscillation catas-
trophe in coupled waveguide lattices. Here we have con-
sidered static and linear EP operation, however it would
be interesting to extend the study to dynamical and/or
nonlinear regimes, for example in EP encircling prob-
lems, where further intriguing behaviors could be found.
Also, collapse corresponding to EPs of higher-order, pro-
viding a higher sensitivity of system behavior to param-
eter changes, could be investigated.
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